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1. INTRODUCTION 
For an integer m 2 2, we consider the equation 
(1) (x+l)-..(x+k)=(y+l)..-(y+mk)inintegersx20,y>O,k>2. 
Saradha and Shorey [4] proved that equation (1) implies that max(x, y, k) is 
bounded by an effectively computable number depending only on m. Saradha 
and Shorey [2] showed that equation (1) with m = 2 has only one solution given 
by (x, y, k) = (7,0,3). If m E {3,4}, Saradha and Shorey [3] proved that equa- 
tion (1) has no solution. Therefore, we shall assume from now onward that 
m > 5. In this paper, we prove 
Theorem 1. Let 5 5 m 5 20 be an integer. Put 6 = 0 if m is odd and 6 = 1 ifm is 
even. All solutions in integers x 2 0, y 2 0 and k 2 2 of equation (1) satisfy 
(2) y 5 1.026 x 2m(m + 1 + 6)!k”+1+6(2mk)“+2+6 
and 
(3) k 5 8.5(2m + 3 + 25) logm. 
We shall derive Theorem 1 from a more general result. For stating this result, 
we need some notation. We write 
(Z + 1) . . . (Z + mk) = I!$ Aj(m, k)zmk-j 
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and we determine rational numbers Bj = Bj(m, k) with 1 5 j 5 m such that 
(z”+B~z~-~+.. . + B,)k = E Hj(m,k)z”k-j 
j=O 
satisfies 
Hj(WZ,k) = Aj(m,k) for 0 <j 5 m. 
ForO<j<mk,weput 
Aj = Aj(m, k) = Hj(m, k) - Aj(m, k). 
It is easy to see that A, + i = 0 if m is even. Further, it is conjectured in [4] that 
(4) A,+1 > 0 if m odd, A,,,+2 > 0 if m even 
for all integers m 2 1 and k 2 2. Ph. Glesser verified (4) in [3, Appendix] for 
m I 12. The authors checked (4) for m 5 20. (See 0 5.) This will enable us to 
show that Theorem 1 is a direct consequence of the following result. 
Theorem 2. Let m > 5 be an integer. Let J be the smallest positive integer such 
that A ,,,+J(m,k) # 0 for all k 2 2. Assume that J < m. Then, equation (1) im- 
plies that 
(5) y 5 1.026 x 2m(m + J)! km+J(2mk)“+J+’ 
and’ 
(6) y 2 21/yW - l/m- Ow(mk))lmk) _ ~ . 
Balasubramanian showed in [4, Appendix] that for m > 2 there exists an in- 
teger j with 0 < j < m such that Am+j(m, k) # 0 whenever k exceeds an effec- 
tively computable number depending only on m. It will be clear from the proof 
of Theorem 2 that estimates (5) and (6) can be improved if we have more in- 
formation on B1, . . . , B,,,. If m E { 5,6}, we shall use the explicit expressions for 
Bi,..., B,,, to sharpen these estimates. Furthermore, we shall develop the ‘sieve’ 
introduced in [3] and introduce a new idea involving a lift modulo power of 2 to 
the candidates for the solutions of equation (1) for proving the following result. 
Theorem 3. Equation (1) with m E { 5,6} has no solution. 
This work was done in February-March 1993, when the second author was 
visiting the University of Strasbourg and he would like to thank the University 
of Strasbourg for invitation and hospitality. 
2. PROOFS OF THEOREMS 1 AND 2 
First, we shall prove lemmas for the proof of Theorem 2. We assume that 
’ log, denotes the logarithm with respect to the base 2. 
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equation (1) is satisfied. As mentioned in the introduction, we suppose that 
m 2 5. We start with showing that y is large as compared with m and k. 
Lemma 1. Put 
F+k=i2”k-k+l+(k-2)/mk 
mk 
9 G = F+. 
Then 
(7) 
mk+l 
Y>G-~. 
Proof. We re-write equation (1) as 
(X+l)...(X+k) = (y+l)...(y+mk) (mk)! 
(k - l)! (mk)! (k- 
By counting the powers of 2 on both the sides, we have 
F ,mia<xkord2(x + i) < logz(x + k). _ _ 
By applying arithmetic-geometric mean to the right hand side of equation (l), 
we obtain xk < (y + (mk + l)/2)“k which implies that x < ( y + (mk + 1)/2) m. 
Therefore 
(8) (y+y)” +k > 20’dz((“k)!/(k-l)!)~ 
We have 
ord2(#54) =ir ([%I - [F]) 
where 
log2 <r<logz(mk). 
Further, we observe that 
[$I - [kg] 2!?&y_k$mk;f+2_1. 
Thus 
> (mk - k + 2)(1 - 23 - r. 
By observing that the second order derivative off(u) := (mk-k+2)(1 -2-u)-u 
is negative, we derive that the right hand side of (9) is at least 
min fOog2(mk)),f (0 (F))} 1 g2 
k-2 
2 mk - k + 1 + mk - logz(mk). 
Thus (y + (mk + 1)/2) m 2 F which implies (7). 0 
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Now, we extend the definition of Bi , . . . , B,. We write n$ 1 (1 + (j/z))@ as 
a power series in l/z. It is easy to see that the coefficients of 1 /z, . . . , 1 /z” in the 
power series expansion are B1, . . . , B,,,, respectively. Let B, = B,(m,k) with 
n 2 0 be given by 
.llk m 
(10) mk 1+‘, 
4 -) 
= ,gO B,,z-“, B. = 1. 
j=l 
We observe that 
(11) k&+J = -&+J 
and 
(12) k&+J+i = -&+J+I - k(k - ~)BI&+J 
where J is given by Theorem 2. The next result is estimate (9) with cq = 0 of [l]. 
Lemma 2. For n 2 0, 
(13) IB,I 5 2m+n(mk)“. 
It is clear that B,, is a rational number. We write d(B,) for the least positive in- 
teger such that d(B,,) B,, is an integer. Then, we have 
Lemma 3. d(B,) divides n! k”. 
Proof. By (lo), we observe that 
B, =C i.. .(~-~l+l)...~...(~-~~+,>,,,!...,,!,I,,. ,,,..,n,, 
where the sum is taken over all positive integers al, . . . , a, such that al +. . . + a, = 
n and where b,,, ,,..., al are integers. Now, the assertion follows immediately. q 
Lemma 4. Let J be as in Theorem 2 satisfying J < m. Let d, = d,,,(k) be the least 
common multiple of 2, d(Bl), . . . , d(Bm). Assume that 
(14) yJ > 1.026 x d,2”(2mk)“+J. 
Then 
(19 
k+l 
x=~“‘+B~~“+~+~~~+B,,-- 
2 . 
Proof. We write 
,ilk m 
(16) k 1 +‘, 
n( -) j=l 
= ngo C?lz-n. 
By (13) with m = 1, we derive 
(17) IC,,l <2”+‘k” forn>O. 
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By taking k-th roots on both the sides of equation (l), we derive from (16) and 
(10) that 
which, since Ci = (k + 1)/2, we re-write as 
(18) 
By (14) and J < m, we observe that 
(19) y > 8(~rk)~ 2 80mk, 
since m 2 5 and k 2 2. Then, we apply (13) for estimating 
5 IBm+jl < 2m(2mk)m+J I (2mk) I (2mk)2 ; . . .
j=J yi - yJ Y Y2 
< 402m(2mk)m+J 
- 
39yJ 
We observe from equation (1) that x + k > ym which, together with (19), im- 
plies that x > ym/2. Then, we apply (17) and (19) for obtaining 
5 IC’+ll < 16k2 - - - 
j=I xJ Yrn 
< 32k2 
_-. 
Y" 
These estimates yield 
(20) I ( k+l x- ~~+Bly~-~ +...+Bm-, < 1.026 x 2m(2mk)“+Jy-” 
We observe that the left hand side of (20) is a rational number with denomi- 
nator not exceeding d,. If it is not equal to zero, we derive from (20) and (14) a 
contradiction 
< 1. IJ 
Proof of Theorem 2. Let J be as in Theorem 2 satisfying J < m. First, we prove 
(5). By Lemma 3, we may assume (14) and (19) otherwise (5) follows im- 
mediately. Then, we derive from (15) and (18) that 
B m+J B m+J+l 
+ 
c2 _7=- . ..- - -... 
yJ+l X 
As in the proof of Lemma 4, we estimate the above sum for obtaining 
IBm+JI < 402m(2mk)m+J+1 +32k2 < 1 026 x 2m(2mk)m+J+l -J-l 
YJ - 39yJf’ y5 - . 
Y ? 
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since J < m. On the other hand, we observe from Lemma 3 and the definition of 
J that 
IBm+.rI 2 ((m + J)!k”+J)-‘. 
Now, we combine the preceding two estimates for deriving (5). Finally, we ob- 
serve that (6) is an immediate consequence of (7). o 
Proof of Theorem 1. Let 5 < m 5 20. In view of the results mentioned in Sec- 
tion 1, we may assume that (4) is valid. Therefore, the estimate (5) with J = 
1 + 6 i.e. the estimate (2) is valid. Next, we turn to (3). We assume that k > 
8.5(2m + 3 + 26) logm. Then k > 177 and we observe from (6) that y 2 2(0.78)k. 
On the other hand, we combine (2) and n! 5 nne-(4.17)n/6 with n > 6 for deriving 
that y I (l.O26)2”+‘((m + 1 + ti)k)2”f3+26. Finally, we observe that 
2(0.78)k > 1.026 x 2m+‘((m + 1 + b)k)2m+3+26. 
This is a contradiction. 0 
3. A SHARPENING OF THEOREM 1 WITH m = 5,6 
In this section, we shall sharpen the estimates (2) and (3) if m = 5,6. For this, 
we shall require the following expressions for Br , . . . , B,. 
B, (5, k) = (25k -t- 5)/2, 
B2(5, k) = ( 1375k2 + 600k + 65)/24, 
B3(5,k) = (1875k3 + 1375k2 + 325k+ 25)/16, 
B4(5,k) = (1 16875k4 + 135000k3 + 54250k2 + 9000k + 523)/1152, 
&(5, k) = (59375k5 + 1 16875k4 +76250k3 +21250k2 +2615k+ 115)/2304 
and 
B1(6,k) = 18k+ 3, 
B2(6, k) = 126k2 + 45k + 4, 
B3(6, k) = 432k3 + 252k2 + 48k + 3, 
B4(6, k) = (7452k4 + 6480k3 + 2025k2 + 270k + 13)/10, 
&(6, k) = (5832k5 + 7452k4 + 3510k3 + 765k2 + 78k + 3)/O, 
B6(6, k) = (9720k6 + 20412k5 + 14742k4 + 4725k3 + 735k2 + 63k + 3)/70. 
Further, we have 
A6(5,k) = (1015625k7 - 1246875k5 + 238875k3 - 7625k)/580608, 
A7(5,k) = (25390625k9 - 25390625k8 - 37265625k7 + 31171875k6 
+13453125k5-5971875k4-1623875k3+190625k2 
+ 45750k)/1161216, 
&(6,k) = 0, 
As(6,k) = (34992k9 - 48600k7 + 14931k5 - 1350k3 + 27k)/1400, 
A9(6,k) = (629856k” - 734832k’O - 1014768k9 + 1020600k* 
+ 463158k7 - 313551k6 - 84024k5 + 28350k4 + 5886k3 
- 567k2 - 108k)/1400. 
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We observe that J = 1 if m = 5 and J = 2 if m = 6. For these calculations, we 
follow [3, Appendix] due to Glesser. We combine the above expressions for A 
with the relations (11) and (12) for obtaining 
B6(5, k) = -A6(5, k)/k, 
and 
B7(6, k) = 0, &(6,k) = -&(%k)/k 
B7(5,k) = (5078125k7 + 1015625k6 - 6234375k5 - 1246875k4 
+ 1 194375k3 + 238875k’ - 38125k - 7625)/1161216, 
Bs(6,k) = (209952k9 + 34992k8 - 291600k7 - 48600k6 + 89586k5 
+ 14931k4 - 8100k3 - 1350k2 + 162k + 27),‘1400. 
Then 
(21) 
(22) 
and 
1.212k6 < B6(5,k) < 1.75k6, 
16.315k8 < B8(6, k) < 25k8 
(23) 0 < B7(5,k) < 4.82k7, 0 < B9(6,k) < 162.5k9. 
Further, we observe that 
i 
2 if k$O(mod2),kfO(mod3) 
ds = ds(k) = 
18 if kfO(mod2),k=O(mod3) 
256 if k = O(mod 2), k $ O(mod 3) 
2304 if k G O(mod 2), k = O(mod 3) 
and 
da = d6(k) = Ccrn *I$ P,2 . 
> 
~~{2,5,71 
Now, we prove 
Lemma 5. Equation (1) with m = 5 implies that 
(24) y 5 1.75dsk6 +4k+ 16d,1108k-4 
and 
43 if k y! O(mod 2), k $ O(mod 3) 
(25) 
k < 45 if k $ O(mod 2) k s O(mod 3) 
- 52 if k s O(mod 2), k $ O(mod 3) 
54 if k=O(mod2),k=O(mod3). 
Proof. Let m = 5. Assume (1) and 
(26) y > 1.75dsk6. 
Suppose that (15) does not hold. Then, as in the proof of Lemma 4, we observe 
from (18) that 
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B,d5 + 1.026 x 25(10k)8d5 
I B6d5 f- 
Y Y2 
which, together with (21), (23) and (26), implies (24). Thus, we may assume (15). 
Then, we derive from (18) that 
(27) hy<&+ 
1.026 x 25(10k)8 
Y 
Now, we combine (27), (21), (23) and (26) to obtain (24). Finally, we derive (25) 
from (24), (6) and (8). 0 
Lemma 6. Equation (1) with m = 6 implies that 
(28) y 5 5d;12k4 + 2.1 x 125k 
and 
(29) k < 29. 
Proof. Suppose that equation (1) with m = 6 and 
(30) y > 5d;12k4 + 2.1 x 125k 
is satisfied. If (15) does not hold, we obtain 
y2<d6Bs+- 
dcjBg + 1.026 x 26(12k)‘od6 
Y Y2 
which, by (22) and (23), contradicts (30). Then 
&yIB9+ 
1.026 x 26(12k)‘0 
Y 
which again contradicts (30). This proves (28) which, together with (6) and (8), 
implies (29). •I 
4. PROOF OF THEOREM 3 
We turn to considering analogues of Lemmas 7 and 8 of [3]. For this, we re- 
call the notation F( y, m, k), A( y, m, k, h) and A( y, m, k) given by (4), (10) and 
(ll), respectively, of [3]. For m E (5,6}, we apply Cauchy Theorem as in the 
proof of Lemma 3 of [3] for estimating 
0 < Hj(m,k) 5 (2.6)k forOlj<mk. 
Further we put 
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a(k’ y) = 
0 ifkI2 
2(2.6)k(2.5)13(5k + 1)13/y7 ifk>2 
and 
P(kY y) = { ;(2.6)‘3L’(6k + 1)13/y5 
ifkS2 
if k > 2. 
Let h 2 0 be a real number. Then, as in the proof of Lemma 7 of [3], equation (1) 
with m = 5 and y > 5(5k + 1) implies that either 
F(y,5,k) > &y,5,k,k) 
or 
(31) 
mi@‘> 12) Aj(5, k) 
kky I C 
j=6 
yi-5 + 4k, Y). 
Further equation (1) with m = 6 and y > 6(6k + 1) implies that either 
J’(y,6,k) > nk(y,6,k,k) 
or 
(32) khy2+hk(k- 1)(18k+3)y 5 C ~ 
l2 4(6,k) + P(k y) 
jzs yj-s ’ ’ 
The assertion of Lemma 6 also follows similarly for m = 5,6. Let $5, k) = 
t&(k)/2 and 
y(6,k) = l-I P. 
plk 
PC t2,5,7) 
For m E {5,6} and h > 0, equation (1) with F( y, m, k) > Ak( y, m, k, h) and y > 
m(mk + 1) implies that 
where h’ is a rational number satisfying 0 I h’ < h and r(m, k) h’ E Z. First 
notice that, by Lemmas 5 and 6, we know upper bounds for y and k, in terms of 
m. Moreover, by taking h the largest positive integer such that F( y, m, k) I 
Ak( y, m, k, h - l), we apply the above results of this section for concluding that 
if (x, y) is a solution of equation (l), then x satisfies 
where h’ is a non-negative rational number such that x is an integer, in other 
words $m, k) h’ E N, and (31) if m = 5 or (32) if m = 6 with h replaced by h - 1 
holds. 
Now, for each possible value of the triple (m, k, h’), (m E {5,6}), by Theo- 
rem 2 we know that 15 y < r, say, for each solution (x, y) of (l), where 
r = r(m, k) and r = ii(m, k). 
We observe from (6) that 1 is small for small values of k, and we observe 
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from (31) and (32) that possibilities for h’ shoot up when 1 is small. In order to 
keep a check on the possibilities of h’, we have computed that equation (1) with 
m E {5,6} has no solution when ‘y I 1000. For this computation, by (6), we 
need to restrict to k 5 13. 
The principle of our computation for the proof of Theorem 3 is the following: 
take y’ E Z/28Z [to simplify the notation, we represent elements of Z/NZ by 
rational integers in the set (0, 1, . . . , N - l}]. Compute x’ E 2/2’2 given by the 
right hand side of relation (33) with y = y’. We have seen that this x’ must 
satisfy 
max ordz(x’ + i) > ordz 
1 <i<k 
We call So = S,-,(m, k, h’) the set of y’ E Z/28h such that this condition holds. 
Then, starting from SO, we compute Si & H/29Z, such that the previous condi- 
tion is satisfied. And so on . . . We stop when we have computed Se, where 
28fe > Y. If Se is empty, we have finished for the considered triple (m, k, h’), 
otherwise, for each y’ E Se, we compute the integer x’ given by the right hand 
side of formula (33) with y = y’, and we check whether equation (1) with x = x’ 
and y = y’ is satisfied. Generally, IS 0 is small and ISj 1, with 1 I j 5 C, is either 1 
5 ]Sj_ 11, or ]Sj I increases marginally over ]Sj_ 1 I. 
It happened that we found no value for (x’, y’), using this procedure. 
Remark. The previous process of ‘lifting’ induced a dramatic speed-up on the 
computation by ‘sieve’ introduced in [3]. Nevertheless, the CPU time used to 
check all the cases for m = 5 and 6 was about one week on a fast work-station. 
For this reason, the solution of the case m = 7 probably needs some new idea. 
5. CALCULATIONS FOR INEQUALITY (4) WITH m 5 20 AND k 2 2 
Recall that we want to compute the polynomials A,(m, k) = Hj(m, k) - 
Aj(m, k), where m, j are fixed integers and k is a variable. For this, we follow the 
work of Ph. Glesser ([3], Appendix). We recall that Ph. Glesser computed the 
Aj(~,k)for1~m~11and1~~~12andform=12,13and1~~~14.He 
verified that for these values, when m is odd, A,+ 1 (m, k) is a polynomial ink of 
degree m + 2 with positive leading coefficient, thus this polynomial is positive 
for k sufficiently large. He also verified that, for even m, 4 I m 5 12, 
&+t(m,k) = 0 and &+z(m,k) is a polynomial in k of degree m + 3 with po- 
sitive leading coefficient, thus this polynomial is positive fork sufficiently large. 
In fact, his calculations show that A,+l(m, k), with m odd, and A,+z(m, k), 
with m even, are positive for every k 2 2 and 1 < m < 13. Using a NEXT-sta- 
tion, we extended these verifications up to m 5 20. It happens that these results 
still hold on this extended range. 
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